The Seiberg-Witten family of elliptic curves defines a four-dimensional, complex, smooth manifold Z with boundary as a Jacobian elliptic surface over a bounded disc in CP 1 . For the determinant line bundle of the∂-operator along the fiber the local anomaly vanishes, and we determine the non-trivial global anomaly. We show that the determinant line bundle extends across the nodal fibers and can be interpreted as a solution to a Riemann-Hilbert problem. Because of the non-trivial holonomy, the extension introduces current contributions to the curvature of the determinant line bundle at the points in the u-plane where the stable BPS states become massless. We show that the computed global anomaly determines the signature of Z which equals minus the number of massive hypermultiplets.
Introduction
There has been a continuing interest in the non-perturbative properties of the supersymmetric YangMills theory on four-dimensional manifolds. One of the results of the work of Seiberg and Witten [1] is that the moduli space of the topological SU (2)-Yang-Mills theory on a four-dimensional manifold decomposes into two branches, the Coulomb branch and the Seiberg-Witten branch. The branches can be interpreted as the moduli spaces of simpler physical theories on the four-manifold. The Coulomb branch is the moduli space of a class of topological U (1)-gauge theories, called the low energy effective U (1)-gauge theory. We investigate the geometry and topology of the Coulomb branch as it is fundamental for the definition and the understanding of the N = 2 supersymmetric, low energy effective field theory by using the results and techniques developed in [6, 7, 8, 9] .
The plan of this article is as follows: The Seiberg-Witten family of elliptic curves for N = 2 supersymmetric SU (2)-gauge theory with N f = 0, 1, 2, 3, 4 additional matter fields defines a four-dimensional, Jacobian rational elliptic surface Z → CP 1 with singular fibers. In Sec. 2, we give the correspondence between the rational elliptic surfaces with the singular fibers and the values for the masses of the matter fields. In most of this article, we will assume that the masses are generic which implies that the singular fibers for finite u in [u : 1] ∈ CP 1 are nodes and do not give rise to surface singularities. Thus, after removing the singular fiber over infinity, we obtain a smooth elliptic surface Z with three-dimensional boundary fibered over a disc in CP 1 , called the u-plane UP ⊂ CP 1 . In Sec. 3, we review the construction of the regularized determinant of the∂-operator on a single elliptic curve. When the elliptic curve is varied in the Seiberg-Witten family we obtain the determinant line bundle DET∂ → UP of the∂-operator along the fiber. In Sec. 4 , we show that its local anomaly vanishes and determine the non-trivial global anomaly as the holonomy of the determinant section. We use the results of Bismut and Bost [8, 9] and Seeley and Singer [7] to show that the determinant line bundle extends across the nodal fibers. Because of the non-trivial holonomy, the extension of the determinant line bundle introduces current contributions to the curvature at the points in the u-plane where the stable BPS states become massless.
In Sec. 5 and Sec. 6, we discuss the elliptic operators connected to the signature of the elliptic surface Z → UP. On the one hand, for the signature operator D along the two-dimensional fiber of Z → UP we can compute the global anomaly. We show that there is a canonical trivialization of the determinant line bundle, and the logarithmic monodromy of the canonical section then determines the signature of Z → UP. We interpret the determinant line bundle as a solution to a Riemann-Hilbert problem on CP 1 . On the other hand, the generalization of Hirzebruch's signature theorem for manifolds with boundary by Atiyah, Patodi, Singer [12] shows that the elliptic signature operator D on the four-dimensional surface Z has an analytic index if one imposes APS boundary conditions on ∂Z. We show that signature of Z equals minus the number N f of massive hypermultiplets.
2 The Jacobian elliptic surface for N = 2 Yang-Mills theory A single elliptic curve E in the Weierstrass form can be written as
where g 2 and g 3 are numbers such that the discriminant ∆ = g 
One can check that the point P with coordinates [0 : 1 : 0] is always a smooth point of the curve. We consider P the base point of the elliptic curve and the origin of the group law on E [2] . The two types of singularities that can occur as Weierstrass cubics are a rational curve with a single node, which appears when the discriminant vanishes and g 2 , g 3 = 0, or a cubic cusp when g 2 = g 3 = 0. Next, we look at a family of cubic curves, a Jacobian elliptic surface. The family is parameterized by the base space CP 1 and a line bundle N → CP 1 . g 2 and g 3 are promoted to global sections of N ⊗4 and N ⊗6 respectively. The discriminant becomes a section of N ⊗12 . If the sections are generic enough so that they do not always lie in the discriminant locus, we obtain an elliptic fibration π : Z → CP 1 . Each fiber E comes equipped with the base point P , which defines a section S of the elliptic fibration which does not pass through the nodes or cusps. The bundle N is the conormal bundle of the section S. We will assume N = O(−1). We will also assume that in the coordinate chart [u : 1] ∈ CP 1 , the discriminant ∆(u) is a polynomial of degree N f + 2 in u. It is known [2, Sec. 4.6] that a Jacobian elliptic surface is rational if g 2 is a polynomial in u of degree at most 4, and g 3 of degree at most 6. We will assume that g 2 = 2 k=0 g 2,k u k is a polynomial in u of degree 2, and g 3 = 2 k=0 g 3,k u k of degree at most 3. This family of curves has N f + 1 moduli, usually denoted by τ ∞ and m 1 , . . . , m N f . To see this start with the case N f = 4: from the seven parameters determining g 2 and g 3 two can be eliminated by scaling and shift. We choose a convention in which g 2,1 = 0. Further, we fix the scaling by assuming that g 2,2 and g 3,3 are the modular invariants of an elliptic curve with periods 1 and τ ∞ . The remaining four coefficients are equivalent to the masses of the hypermultiplets [1] . For 0 ≤ N f ≤ 3, we obtain 4 − N f additional constraints from the requirement that the discriminant has degree N f + 2. The minimal resolution of Z is the blow-up of CP 2 in nine points. Reversely, by contracting every component of the fiber which does not meet S, we obtain the normal surface Z. For generic values of the masses, the polynomial ∆(u) then has N f + 2 simple zeros u 1 , . . . , u N f +2 for |u| < ∞. From Kodaira's classification theorem of singular fibers [2] , it follows that the elliptic fibration develops the singular fibers of Kodaira-type I 1 (nodes) over the points u 1 , u 2 , . . . , u N f +2 . The second chart over the base space is [1 : v] ∈ CP 1 . The intersection of the two charts is given by u = 1/v with v = 0. Since g 2 and g 3 are sections of N 4 and N 6 respectively they transform according to
is a polynomial in v of degree 10 − N f . We also have to replace x u and y u by x v = v 2 x u and y v = v 3 y u respectively. For v → 0, the elliptic curve in the fiber develops a cusp. Replacing
do not vanish any more whereas ∆ ′ (v) has a zero of order 4 − N f . After the quadratic twist the singular fiber is of Kodaira-type I 4−N f at v = 0. From Kodaira's classification theorem it follows that the singular fiber E ∞ before the quadratic twist was of Kodaira-type I It is easy to show that singular fibers of Kodaira-type I 1 do not give rise to surface singularities. However, the singular fibers of Kodaira-type I k with k ≥ 2 and I * n with n ≥ 0 do. We will denote by UP the base curve CP 1 minus one small discs around u = ∞. Thus, Z → UP is proper, surjective, holomorphic map of smooth complex manifolds. We denote by ω Z the canonical bundle of Z. The space H 0 (Ω 2,0 (Z)) is the space of global holomorphic two-forms, and its dimension is called geometric
is the space of global holomorphic one-forms, and its dimension is called the irregularity q = h 1,0 . Similarly, let ω UP denote the canonical bundle of UP obtained as restriction of the canonical bundle
restricts to the canonical bundle K = ω Eu on each smooth fiber E u . It is known [2, Thm. 2.10] that a rational algebraic surface satisfies q = p g = 0.
For special values for the masses m 1 , . . . , m N f of the hypermultiplets several singular fibers of Kodaira-type I 1 can coalesce and form a singular fiber of type I k with k ≥ 2. Using the explicit Weierstrass parametrization given in [1] for 0 ≤ N f ≤ 4, it is easy to compose the following table summarizing the structure of the singular fibers E un over finite u n and E ∞ for the rational elliptic surface Z → CP 1 according to certain mass constraints:
The regularized determinant on an elliptic curve
We consider an elliptic curve E with periods 2 ω and 2
ω , and the the complex coordinate z. Let ξ = ξ 1 + iξ 2 be the complex coordinate on the normalized torus with periods 1 and τ such that ξ = z 2ω . For n 1 , n 2 ∈ N, a function ϕ with the periodicity
is given by
In fact, the functions ϕ n1,n2 constitute a complete system of eigenfunctions for −4∂ ξ∂ξ with 2∂ ξ = ∂ ξ 1 + i∂ ξ 2 . The eigenvalues of 2∂ ξ are
Since 2∂ = 2∂ z = 1 ω∂ ξ , the functions ϕ n1,n2 are also eigenfunctions of 2∂ for the eigenvalues π Im τ ω
The holomorphic line bundle of positive spinors can be interpreted as a holomorphic square root K 1/2 of the bundle of holomorphic (1, 0)-forms K = T * (1,0) E. The chiral Dirac operators are
Equivalently, we can view the situation as follows: we take the even spin structure (A, A) as a reference square root K
is the preferred spin bundle for the chosen homology basis, its divisor κ = 1/2 + τ /2 is the vector of Riemann constants. We twist the Dirac operator by a flat holomorphic line bundle W (ν1,ν2) of order two and with the divisorξ = − 
In other words, the twisted chiral Dirac operator is the∂-operator coupled to the holomorphic line
form a complete system of eigenfunctions for the operator (−4∂∂) (ν1,ν2) with the eigenvalues
Using the Kähler form, have can identify √ dz ⊗ dz with √ dz. The ζ-function is defined as
and is absolutely convergent for Re s > 1. When (ν 1 , ν 2 ) = (1, 1) it is understood that the summation does not include n 1 = n 2 = 0. It was shown in [3] that ζ(0) = 0 for (ν 1 , ν 2 ) = (1, 1), and ζ(0) = −1 for (ν 1 , ν 2 ) = (1, 1). Then, ζ (ν1,ν2) is well-defined and holomorphic. It has a meromorphic extension to C and 0 is not a pole. The regularized determinant of −∂∂ is defined by
and ζ ′ (ν1,ν2) (0) and ζ (ν1,ν2) (0) were evaluated in [3] . It follows that
where the Dedekind η η η-function and the Jacobi ϑ-function ϑ(v|τ ) = ϑ 00 (v|τ ) are given by
4 The vertical∂-operator on Z → UP Since we have a proper, surjective, holomorphic map of complex manifolds π :
its adjoint is∂ * u . We have to separate out the zero eigenvalue since the operator has a kernel and cokernel. There is a factorization of the determinant line bundle L = DET ∂ as the tensor product of L ′ and H, corresponding to the non-zero and zero eigenvalues respectively. The bundle L ′ has the holomorphic section det ′ 2∂. We can form the following holomorphic line bundle
The line bundle DET∂ u can be identified with H since
The section det ′ 2∂ determines an isomorphism DET∂ u ∼ = H. The isomorphism does not preserve the metric or the connection. Bismut and Freed defined the smooth metric
on DET∂ and determined its unitary connection. Since ω Z/UP is equipped with a Hermitian C ∞ -metric, the Quillen metric is a Hermitian C ∞ -metric on the holomorphic fibers DET∂ u . The curvature of this connection is a measure of the local anomaly. It follows:
−1 is a non-vanishing holomorphic section of DET∂ such that
dz is a holomorphic section of the dual bundle (DET∂) * →
• UP with σ Q * = 1.
Proof. The flatness follows from the curvature formula of Bismut and Freed ( [13] or [6, Prop. 5.14]):
The bundle ω Z/UP = ω Z ⊗ (π * ω UP ) −1 restricts to the canonical line bundle K = ω Eu on each smooth fiber E u . Since a rational algebraic surface satisfies q = p g = 0, it follows that c 1 (ω Z/UP ) is a pullback from the base manifold and thus c
The kernel consists of the constant functions φ = 1 with φ 2 = vol(E u ). By Serre duality we can identify the cokernel ker∂ * u with the dual of the space of holomorphic one-forms. We pick dz as a basis of the holomorphic one-forms with a norm squared dz 2 = vol(E u ). The discriminant ∆ of the elliptic curve E u is given by ∆ = (2π) 12 η η η 24 (τ ) (2ω) 12 . Using Eq. (5) we obtain for the Quillen norm of the section (dz)
It is possible to factorize the right hand side holomorphically in τ . We use the Quillen metric to obtain a smooth section σ # of the dual bundle (DET∂) * by 
It follows that (dz)
⊗2 has the same transformation under a coordinate change as (du) −1 up to sign whence N = O(−1) and N 2 = ω −1 CP 1 . The Quillen metric is compatible with a change of coordinates since
Lemma 2. The flat Bismut-Freed connection on DET∂ →
• UP is given by 
Proof. The proof follows from Prop. 1, Rem. 1, and the fact that the discriminant ∆ has a simple zero at each node u n and is a polynomial of degree N f + 2 in u.
We denote the holonomy of the determinant section of DET∂ on the boundary circle γ n around u n by exp(− Remark 2. The definition of the holomorphic determinant line bundle in Eq. (7) can be extended across the singular fibers of an elliptic fibration using the results of Knudsen and Mumford [8] . In the special case that the singular fibers are nodes, Seeley and Singer [7] showed that the∂-operator is defined on the singular fibers so that the family of operators {∂ u } u∈UP is a continuous family.
We remind the reader that we have restricted ourselves to the case where the fibration Z → UP has no surface singularities and for all u ∈ C the fiber E u = π −1 (u) is a reduced curve with the singularities at u = u 1 , u 2 , . . . , u N f +2 being ordinary double points. The currents δ(u − u i ) on Z → UP are defined by saying that for every differential form α with compact support the equality
One defines the first Chern class c 1 (DET∂, . Q ) as a current of type (1, 1) by
where σ is a local non-vanishing holomorphic section.
Corollary 1.
The∂ operator extends to a continuous family {∂ u } u∈UP on the elliptic surfaces Z → UP. The determinant line bundle extends to a holomorphic line bundle DET∂ → UP with generalized curvature of type (1, 1) with
Proof. Eq. (9) follows from Eq. (8) and the application of lemma 3. The results of [8, Thm. 2.1] and [9] describe the more general situation of the∂-operator coupled to a holomorphic vector bundle V → Z, and it follows
In our situation, we have Todd(ω Z/UP , . ) = 1 + c 1 (ω Z/UP )/2 since c 5 The vertical signature operator on Z → UP Using the complex structure, the signature operator on each fiber E u is the operator
Again, there is a factorization of the determinant line bundle L = DET D u as the tensor product of L ′ and H, corresponding to the non-zero and zero eigenvalues respectively. The bundle L ′ has the holomorphic section det ′ D. The fiber of the line bundle H can be identified with .
2 is a holomorphic section of the dual bundle (DET D) * →
• UP with σ D Q = 1.
The flat Bismut-Freed connection on DET D →
• UP is given by
and
3. The determinant line bundle extends to a well-defined line bundle DET D → UP. The generalized curvature is a current of type (1, 1) with 
⊗2
= ∆ 1/6 du −1 .
The line bundle (DET D)
* ⊗6 is canonically trivial. The trivializing section is σ
The bundle (DET D) * →
• UP has a standard trivialization given by du. Thus, we obtain well-defined logarithmic monodromies. We denote the distinguished choice for the monodromy by η 
Proof. The proof follows immediately from lemma 5 and Rem. 1.
Proposition 1.
The signature of the elliptic surface Z → UP is
It follows sign(Z) = −N f .
Proof. The signature of the rational elliptic surface Z → CP 1 in terms of its Chern classes c 1 , c 2 is
The canonical class of Z is the fiber class so that c 2 1 = 0 while c 2 is the sum of the exceptional fibers of the fibrations whence
On the other hand, the elliptic surface
UP is obtained by cutting out all singular fibers
• Z = Z − ∪E n − E ∞ ; the elliptic surface Z → UP is obtained by cutting out only the singular fiber at infinity whence Z = Z − E ∞ . Since the singular fibers at u = u 1 . . . . , u N f +2 are nodes they do not contribute to the signature. Hence, we have sign(
where E ∞ is the singular fiber of Z at infinity. Thus, we obtain
The Euler number e(E n ) is equal to the degree of the zero the discriminant assumes at u = u n . Therefore, it follows −
. By Kodaira's classification result it follows that singularities which are not of type I n have sign(E ∞ ) = 2 − e(E ∞ ). Lemma 6 yields sign(Z) = −N f .
Regular singularities and the Riemann-Hilbert problem
The definition of the holomorphic determinant line bundle in Eq. (7) can be extended across the singular fibers of an elliptic fibration using the results of Knudsen and Mumford [8] to include the higher-rank singularities. In this section, we will allow any Jacobian rational elliptic surface Z with singular fibers of Kodaira-type I kn over u n (with 1 ≤ n ≤ K such that k n = N f + 2) and a singular fiber of Kodairatype I * 4−N f over u = ∞. Let us briefly discuss the Riemann-Hilbert problem on CP 1 and its solution by Röhrl in terms of differential equations with regular singular points [10] : Fact 1. 
Proof. 
The bundle L carries the integrable meromorphic connection
with regular singular points u i . In particular, the form θ u = dρ u /ρ u has simple poles at every regular singular point u i , and the counterclockwise contour integral evaluates 
In particular, the form θ v = dρ v /ρ v has simple pole at v = 0, and the counterclockwise contour integral evaluates
The connection one-forms θ u and θ v patch together to give a meromorphic connection on CP 1 since
The curvature vanishes on all open sets. In this way, we can define an extension of the determinant line bundle in the case of higher regular singularities along the fiber by identifying it with ω −1 CP 1 but with a meromorphic system. Let f be a function which is defined and differentiable in the disc D ǫ with |u| < ǫ. Suppose further that f and its derivatives with respect tō u are bounded on the disc. Let T denote the function
It is well-known [11] that the linear operator T is differentiable and admissible on D ǫ and satisfies ∂(T f ) = f . In this sense, we write ∂ ∂ū
The curvature of the line bundle is given by
We obtain
6 The signature of Z
In the case where for the fibration Z → UP the fiber E u = π −1 (u) is a reduced curve with the singularities at u 1 , u 2 , . . . , u N f +2 being ordinary double points, the manifold Z is a smooth four-dimensional manifold with boundary ∂Z. The generalization of Hirzebruch's signature theorem for manifolds with boundary by Atiyah, Patodi, Singer [12] shows that the elliptic signature operator D on Z has an analytic index if one imposes APS boundary conditions on ∂Z. The operator D on Z is of the form
near the boundary, where |v| is the inward normal coordinate, σ a certain bundle isomorphism, and D is the selfadjoint signature operator on the boundary ∂Z. For the boundary circle γ ∞ around u = ∞ one obtains a three-dimensional manifold W ∞ = ∂Z fibered over a circle. On the boundary component W ∞ the self adjoint operator D on the even differential forms is Proof. For a Weierstrass rational elliptic surface the anti-canonical class is the smooth fiber class [2] . It follows that c 1 (Z) 2 = 0. The main theorem of [12] when applied to the elliptic surface Z → UP with c On the other hand, the application of Prop. 1 yields sign (Z) = −N f .
Conclusion
We have shown that the Seiberg-Witten family of elliptic curves defines a four-dimensional, Jacobian rational elliptic surface Z → UP with boundary. The signature of Z coincides with the number N f of massive hypermultiplets. The signature as the analytic index of the signature operator on Z if we impose APS boundary conditions on ∂Z. On the other hand, we can compute the index from the logarithmic monodromy of the canonical section of the flat determinant line bundle DET D → UP of the signature operator along the fiber E u of Z → UP. The identification of the massive hypermultiplets in the N = 2 supersymmetric low energy SU (2)-Yang-Mills theory with the zero modes of the signature operator on the Jacobian rational elliptic surface defined by the Seiberg-Witten curve is interesting in the context of string theory. String theory predicts that N = 2 supersymmetric SU (2)-gauge theory in four dimensions emerges from the compactification the type IIB string on a certain K3-fibration X 3 → CP 1 . The Calabi-Yau three-fold X 3 is determined by the gauge bundle in the heterotic string theory, and in the large base limit becomes C × Z. Thus, we conclude that after the compactification the hypermultiplets must arise from the string fields on the internal manifold which are the zero modes of the signature operator.
